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Abstract A class of functions, which reach their minima on a compact subset of the
n-dimensional Euclidean space En , is considered. This is a rather wide class of functions,
which are stable with respect to operations traditional for optimization problems. Functions
of this class represent a tool suitable from the viewpoint of formal description of various
applied problems. Furthermore, it is possible to develop rather efficient techniques for the
purpose of finding global minima of such functions on a compact set. One of such techniques
is discussed in Sect. 3 of the present paper.
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1 Introduction

The present paper discusses an approach to solving the problem, which is presented below,
with the use of embedding-cutting (truncation) methods defined herein. Suppose that we have
to obtain

x = arg min{ϕ(x) : x ∈ R} (1)

and

p = ϕ(x),

where ϕ(x) is a scalar continuous function of the vector x ∈ R; R ⊂ En is a compact set.
Minimization of ϕ(x) on R is understood in the global sense.
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It is obvious that methods of defining function ϕ(x) and set R attribute problem (1) to
some or another class of the theory of extremum problems.

It is also obvious that numerical methods used for solving problem (1) shall take account of
the specificity of defining both functionϕ(x), and set R. As a rule, efficiency of these methods
is substantially dependent on the extent, to which this specificity is taken into account.

Let set R in problem (1) be defined explicitly and possess sufficiently good properties.
Hence the principal difficulties of solving this problem are obviously related to either the
“transcendent” properties of the function to be minimized (non-differentiability, discontinu-
ity, the “ravine-type” character of the level lines, etc.) or to the technique of its defining.

Let us define the epigraph of function ϕ(x) as a set

Rn+1 = {x, xn+1 : x ∈ R, ϕ(x) ≤ xn+1}.
Obviously, problem (1) is equivalent to the following one: find

x = arg min{xn+1 : x, xn+1 ∈ Rn+1}. (2)

The function to be minimized in problem (2) is linear. Hence if the difficulty of solving
problem (1) is bound up with the “bad” properties of ϕ(x), then the difficulty of solving
problem (2) is caused by the respective properties of the epigraph of function ϕ(x). The
iterative process related to solving problem (2) operates with some approximation of the
epigraph ϕ(x), rather than with this epigraph itself.

Let set Rk
n+1 ⊃ Rn+1 and xk, xk

n+1 be found. Define Rk+1
n+1 ⊃ Rn+1 such that xk, xk

n+1 /∈
Rk+1

n+1 and

xk+1
n+1 = min{xn+1 : x, xn+1 ∈ Rk+1

n+1}. (3)

If there exists K1 ⊂ K = {k : k = 1, 2, . . .} such that

lim
k→∞ xk

n+1 = p, k ∈ K1,

then the iterative process (3) may be called a method of sequential embedding the epigraph
of the objective function.

Definition (3) of the method of sequential embedding the epigraph of the objective function
is, generally speaking, not sufficiently pithy to be used as the only method for constructing
algorithms and proving their convergence. Nevertheless, even relatively minor information
on the methods related to defining the set R j

n+1 allows one to formulate the correspond-
ing theorems of convergence of the iterative processes (3). One can find several confirming
examples below.

Theorem 1 Let sets Rk
n+1 be defined as follows:

Rk
n+1 = {x, xn+1 : x ∈ R, ϕk(x) ≤ xn+1},

∀k ∈ K = {k : k = 1, 2, . . .},
where ϕk(x) are continuous scalar functions of vector x ∈ En, such that

(1) ψi (x
i ) ≤ ψk(x

k), ∀k, i ∈ K (k > i)

on set R;
(2) ψk(x

i ) ≥ p, ∀k, i ∈ K (k > i) (4)
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where

xi = arg min{xn+1 : x, xn+1 ∈ Ri
n+1}, i ∈ K .

Hence the iterative process (3) represents (forms) a method of embedding the epigraph of
the objective function.

The proof may be found in [8].
Generally speaking, property (4) does not presume the inclusion of

R1
n+1 ⊃ · · · Ri

n+1 ⊃ · · · Rk
n+1 ⊃ · · · ⊃ Rn+1, (∀k > i). (5)

As a rule, inclusion (5) immediately results in (4). Consider an example of such an iterative
process [11].

Theorem 2 Let

Rk
n+1 = {x, xn+1 : x ∈ R, ψk(x) ≤ xn+1}, ∀k ∈ K ,

where

ψk(x) = max
1≤i≤k

�i (x);

�i (x) are continuous scalar functions x ∈ En, such that

�k(x
k−1) = ϕ(xk−1), �i (x) ≤ ϕ(x).

Hence the iterative process (3) represents a method of sequential embedding the epigraph of
the objective function.

The Proof is rather trivial.
Below, methods of sequential embedding the feasible set are considered in parallel. Let

us define a class of such methods.
Let vector xk and set Rk ⊃ R be found. Define Rk+1 ⊃ R such that xk /∈ Rk+1 and

compute

xk+1 = arg min{ϕ(x) : x ∈ Rk+1}. (6)

If there exists a set of indices K1 ⊂ K such that

lim
k→∞ xk = x ∈ Rr ; k ∈ K1,

where Rr is a set of boundary points R, then the iterative process (6) may be called the
method of sequential embedding of the feasible set in the sense of (6).

Introduction of the sequence of sets R j similar to (3) is conditioned by the inconvenience
of defining the initial set R, i.e. by the wish to conduct operations with the sets of some simpler
nature. The structure and the methods of constructing the sequence {R j }, are, as a rule, defined
by the method of defining the initial set R. Moreover, the specific character of defining R is
taken into account in the process of realization of sequence {R j }. Furthermore, it determines
the efficiency of the computational processes, which may be proposed, in many aspects.

Suppose set R is defined by the system of inequalities

R = {x : g j (x) ≤ 0, j = 1,m}.
Introduce the denotation g(x) = max1≤ j≤m g j (x). Hence problem (1) writes:

min{ϕ(x) : x ∈ R},
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where

R = {x : g(x) ≤ 0}.
Assume that the minimum of ϕ(x) is reached on the boundary of R. Let set R be embed-

ded into some compact set R0 having a simple structure. Suppose the minimum of ϕ(x) is
reached on the boundary of R0. Let set Rk ⊃ R and vector xk be already found. Define set
Rk+1 ⊃ R such that xk /∈ Rk+1 and compute

xk+1 = arg min{ϕ(x) : x ∈ Rk+1 ∩ R0}. (7)

If there exists a set of indices K1 ⊂ K such that

lim
k→∞ g(xk) = 0, k ∈ K1, (8)

then the iterative process (7) may be called the method of sequential embedding of the feasi-
ble set in the sense of (8). This technique of defining set R allows one to formulate theorems
on convergence of the embedding methods without involving the property of convexity into
consideration.

Theorem 3 Let sets Rk :
Rk = {x : ψ j (x) ≤ 0, j = 1, k},

where ψ j (x) are continuous scalar functions such that ψk+1(xk) = g(xk). The iterative
process (7), (8) represents a method of sequential embedding of the feasible set in the sense
of (8).

Similar methods were investigated by different authors [10,15,16]. The methods allowing
one to neglect inessential additional constraints were described in [13]. A systemic description
of the embedding methods in convex programming can be found in [1]. The cutting (trunca-
tion) methods applied for the purpose of solving multi-extremum problems were probably
described for the first time by Tuy [14]. The most general scheme similar to that of (3) can be
found in [11]. Minimization methods for the concave function were considered, for example,
in [5]. Some earlier results obtained by the author in this field were published in [2,1].

There exist other approaches to solving multi-extremum problems. These include (i) meth-
ods of reduction to one-parameter problems (the Peano-Strongin curve)[12], methods of cov-
ering and partition (decomposition) (Yevtushenko) [4], see also publications by Hansen [6],
Jongen [7], etc.

2 Functions having a concave minorant on a compact set

Let there be given a compact set R ⊂ En and a scalar function f (x), which is that is defined
everywhere on R, i.e. f : R → E1.

Definition 1 Let us speak that f (x) has a concave minorant on R when there exists a func-
tion ϕ(x, y), ϕ : En × En → E1, which is continuous with respect to x for any fixed y
and such that the following conditions hold:

1. ϕ(x, y) is a concave function of x,
2. f (x) ≥ ϕ(x, y) ∀x, y ⊂ R,
3. f (y) = ϕ(y, y) ∀y ∈ R.
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The function ϕ(x, y) shall be called the concave minorant of function f (x) buil in at point
y. Let us denote by C M(R) the set of all functions f (x), f : A → E1, A ⊃ R having the
concave minorant on set R, and the functions f ⊂ C M(R) themselves shall be called the
c.m.-functions.

It can easily be shown that linear, continuous convex and concave functions are c.m.-func-
tions. In other words, the set of c.m.-functions includes linear functions, as well as continuous
convex and concave functions. Let us describe some properties of c.m.-functions.

Theorem 1 Let f and fi (i = 1, 2, . . . ,m) be c.m.-functions. Hence the following state-
ments hold.

(i) Any nonnegative linear combination of functions fi (i = 1, 2, . . . ,m) is a c.m.-func-
tion;

(ii) max
1≤i≤m

fi (x) and min
1≤i≤m

fi (x) are c.m.-functions;

(iii) f +(x) = max{0, f (x)} and f −(x) = min{0, f (x)} are c.m.-functions.

The proof of this statement can be found in [3].
The following result is the theoretical ground for our further investigations related to the

problem of optimization.

Theorem 2 Any function f ∈ C M(R) is lower semicontinuous on R.

The proof of this statement can be found in [3].
Consider the following problem of mathematical programming.

min f (x), (9)

gi (x) ≤ 0, i = 1, 2, . . . ,m, (10)

x ∈ R, (11)

where R ⊂ En is a compact set and f, gi ∈ C M(R) (i = 1, 2, . . . ,m). Due to Theorem 2,
functions gi (i = 1, . . . ,m) are lower semicontinuous on R; and so, the sets Gi = {x ∈ R :
gi (x) ≤ 0} are compact. Hence T = G1 ∩ G2 ∩ · · · ∩ Gm ∩ R, which is the feasible set of
problem (9)–(11), is also compact. Since function f is also lower semicontinuous, due to the
well-known Weierstrass theorem, the lower semicontinuous function reaches its minimum
on the compact set. Hence problem (9)–(11) has a finite solution.

From now on the problem (9)–(11) is called the c.m.-programming problem. Obviously,
problems of linear, convex and concave programming are particular cases of the c.m.-pro-
gramming problem.

3 The cutting method En+1 for minimizing the c.m.-function on a polyhedron

We intend to describe the method intended for solving the following problem of mathematical
programming:

min f (x), (12)

x ∈ R = {x ∈ En : Ax ≤ b, α ≤ x ≤ β}, (13)

where f ⊂ C M(R); A is an m × n matrix; b ⊂ Em, α, β ⊂ En . Denote by x∗ one of
solutions of problem (12), (13), and let f ∗ = f (x∗).
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We have to remind the reader of the fact that the following set

Rn+1 = {(x, xn+1) : f (x) ≤ xn+1, x ∈ R}
is called the supergraph of function f (x) on R. Hence problem (12), (13) is equivalent to the
following problem.

min xn+1, (14)

(x, xn+1) ⊂ Rn+1. (15)

Consider now the method of solving problem (14), (15) proposed in [2].

Step 0. Suppose that the estimate p ≤ f ∗ and the set R0
n+1 ⊂ En+1 : R0

n+1 ⊃ Rn+1

are known (for example, we may take the set R0
n+1, which has the form R0

n+1 =
{(x, xn+1) : xi ≥ αi , i = 1, 2, . . . , n, xn+1 ≥ p}, where α and β are defined
by (13)). Now assume ε ≥ 0, put f 0 = +∞ and k = 1, and define R1

n+1 =
R0

n+1 ∩ {x, xn+1 : x ∈ R}.
Step 1. Solve the following auxiliary problem:

min xn+1, (16)

(x, xn+1) ∈ Rk
n+1. (17)

Let yk = (xk, xk
n+1) be a solution of this problem.

Step 2. Determine f k = min{ f k−1, f (xk)} and vk : f (vk) = f k . If

f k − xk
n+1 ≤ ε, (18)

the process of solving is terminated because εk is an optimal solution of problem
(14), (15) (see Remark below). Otherwise, proceed to Step 3.

Step 3. Define the cone

R
k
n+1 = {y ∈ En+1 : A

k
y ≤ b

k},
which is formed by the constraints of problem (16), (17), which are active at point
yk, i.e.

A
k

yk = b
k
. (19)

When problem (16), (17) is nondegenerate, there exists a matrix Sk = (A
k
)−1 ,

which is inverse to matrix A
k
. The columns Sk, j = (sk, j , sk, j

n+1) of matrix Sk taken

with the opposite sign are directional vectors of the cone’s edges R
k
n+1. Hence the

real axes, which are described by the following equations

yk, j = (xk, j , xk, j
n+1) = yk − λk, j sk, j , λk, j ≥ 0, j = 1, 2, . . . , n + 1, (20)

define the edges of cone R
k
n+1.

Step 4. Let us construct a concave minorant ϕk(x) = ϕ(x, xk) of function f (x) at point xk .
Let us find the numbers

λ
k, j : ϕk(x

k − λ
k, j

sk, j ) = xk
n+1 − λ

k, j
sk, j

n+1, j = 1, 2, . . . , n + 1. (21)

Hence the points

zk, j = (zk, j , zk, j
n+1) = yk − λ

k, j
sk, j , j = 1, 2, . . . , n + 1, (22)
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are the points at which the real axes (20) intersect with the surface ϕk(x) = xn+1.
Let us construct a plane

Hk y = hk x + hk
n+1xn+1 = gk (23)

passing through the points of (22).
Step 5. Define the set

Rk+1
n+1 = Rk

n+1 ∩ {y ∈ En+1 : Hk y ≤ gk} (24)

Put k := k + 1 and proceed to Step 1.
As shown in [1], the cuts determined by plane (23) are correct, i.e.

Hk y ≤ gk ∀k, ∀y ∈ Rn+1.

Remark Due to (24), we have ∀k Rk
n+1 ⊃ Rk+1

n+1 ⊃ Rn+1. Therefore, the solutions to the
auxiliary problem (16), (17) satisfy the inequalities

x1
n+1 ≤ · · · ≤ xk

n+1 ≤ xk+1
n+1 ≤ · · · ≤ f ∗. (25)

On the other hand, due to the construction, we have f k ≥ f k+1 ≥ · · · ≥ f ∗. Hence the
following bilateral estimate is valid:

xk
n+1 ≤ f ∗ ≤ f k ∀k. (26)

Obviously, as soon as inequality (18) is satisfied, the algorithm terminates its operation at
Step 2 because an ε-optimal solution has been obtained.

Lemma 1 The equation of the cutting (truncating) plane (23) may be written in the form:

(1/λk) A
k

y = (1/λk)bk − 1, (27)

where (1/λk) = (1/λk,1, . . . , 1/λk,n+1), the numbers λk, j , j = 1, . . . , n + 1 are defined by

(21) and the (n + 1)× (n + 1)− matrix A
k

and the vector b
k

are defined by (19).

Now, let us proceed to describing some properties of this algorithm and grounding the
fact of its convergence.

Lemma 2 If int R �= 0 and ||Hk || ≥ δ > 0, (k = 1, 2, . . .) then the following inequalities
hold:

(a) hk
n+1 ≤ 0,

(b) hk
n+1| ≥ σ > 0, σ − const.,

(c)
||hk ||
|hk

n+1|
≤ C, C − const.

The proof of this statement can be found in [3].
Due to Lemma 2 proved above, we’ll henceforth write down the equation of the cutting

plane (23) in the following form

hk x − hk
n+1xn+1 = gk . (28)

Now denote by d(x, R) = in f {||x − y||, y ∈ R} the distance from point x to set R.
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Lemma 3 Let Eq. 23 of the cutting plane be written in the form (25), i.e. Hk = (1/λk) A
k

and gk = (1/λk) b
k −1. Let us define the value of

ωk = d(yk, pk), (29)

where pk = {y ∈ En+1 : Hk y = gk}. Hence we have:

ωk = ||Hk ||−1.

The proof of this statement can be found in [3].
The following result is well-known (see [9,1]). Furthermore, it represents an obvious

corollary of Lemma 3 considered above.

Theorem 3 If ||Hk || ≤ L , L − const. ∀k, then the algorithm described above is finite.

The condition ||Hk || ≤ L may be formulated in an equivalent form, which is more con-
venient from the viewpoint of further reasoning. Let us represent H in the following form
Hk = (hk,−hk

n+1), where hk and −hk
n+1 are defined by (26).

Lemma 4 Assume that

0 < γ ≤ ||hk || ≤ Γ < +∞, ∀k (30)

where γ and Γ are constants. Hence ||Hk || ≤ L , L − const. if and only if ||hk ||
hk

n+1
≥ σ >

0, σ − const.

The proof of this statement can be found in [3].

Corollary 1 If conditions (30) are satisfied then ||Hk || → ∞, when k → ∞ if and only if
||hk ||
hk

n+1
→ 0, as → ∞.

Condition (30) is not strong rigorous. It is satisfied in practice almost always.
The condition ||Hk || ≤ L , which ensures the finiteness of the algorithm, is rather impor-

tant. However, it is often violated in practical computations. In the present case, the situation
is as follows: the process turns out to be infinite. Hence ||Hk

n+1|| → ∞, when k → ∞.
Due to Lemma 3, this means that the cuts become inefficient (in the sense that ωk → 0). So,
due to Corollary 1, the cutting planes become “almost” parallel to each other and “almost”
orthogonal to the vector en+1 ⊂ En+1, where en+1 = (0, . . . , 0, 1). However, the inequality
||Hk || ≤ L is not an obligatory condition from the viewpoint of the algorithm’s efficiency.
Therefore, the following theorem is valid.

Theorem 4 Let the values ofωk, defined by (29) be such that limk→∞ ωk = 0 and the series∑∞
k=1 ω

k diverges. Hence the algorithm considered above is finite.

The proof of this statement can be found in [3].
Denote by B(x, r) a ball of radius r, which has its center at point x . Let ω0 ∈ R. Hence,

due to compactness of set R, there exists a sphere of smaller radius r0, which contains R its
center being located at point ω0. Consider the function

ψk(x) = 1

hk
n+1

(hk x − gk),
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(see (26)) and define the quantity

ψr
k = max{ψk(x) : x ∈ B(ω0, r)}.

The following theorem defines both necessary and sufficient conditions of convergence
for the above algorithm.

Theorem 5 Let p ≤ f ∗ and ω0 ∈ R. Hence limk→∞ xk
n+1 = p if and only if there exists a

finite r ≥ r0 and an index set J ⊂ {1, 2, . . . .} such that

lim
j→∞
j∈J

ψr
j = p.

The proof of this statement can be found in [3].

Corollary 2 If the sufficient condition of Theorem 5 is satisfied and p ≥ f ∗ − ε, where
ε > 0, then the algorithm converges to an ε-optimal solution of the initial problem.

Corollary 3 Let zk, j = (zk, j , zk, j
n+1), j = 1, . . . , n + 1 be the vectors defined by (22) and

max1≤ j≤n+1 zk, j
n+1 ≥ f ∗. Hence limk→∞ xk

n+1 = f ∗.

In the general case, there may exist no finite r satisfying conditions of Theorem 5. However,
Corollaries 2 and 3 allow one to construct reasonably efficient and convergent modifications
of the cutting method considered above.

4 Some shift of the cutting plane

Our computations give evidence that sequence {xk
n+1} practically does not increase as the

number of the iteration steps grows. The point is that the planes forming R
k
n+1 become almost

parallel to each other. To the end of improving the convergence of the method, the authors
have proposed a number of modifications of the basic method intended for solving problem
(12), (13). These modifications allow one to accelerate the convergence. Now, consider some
of such modifications.

Let |xk+1
n+1 − xk

n+1| ≤ ε > 0. Let Rk
n+1 = {y : En+1 : A

k
y ≤ b

k} represent the cone

formed by the constraints of problem (16), (17), which are active at point yk, and let A
k

be
a nonsingular (n + 1)× (n + 1)−matrix.

Define the set Lk
n+1 = Rk

n+1∩{y : Hk y ≤ gk}. Now, having denoted by A
k j
( j = 1, n + 1)

the j-th row of matrix A
k
, we can solve (n + 1) problems of linear programming (LP) of the

following form:

max{(A j )T y : y ∈ Lk
n+1}. (31)

Suppose that ỹ j be solutions of problem (31). Hence, obviously, the cone is Let ỹ j be
solutions to problems (31). Then, we have

R̃k
n+1 = {y ∈ En+1 : A

kj
(y − ỹ j ) ≤ 0, ( j = 1, n + 1} ⊂ R

k
n+1.

Now let us solve the following auxiliary problem of linear programming.

min{xn+1 : x, xn+1 ∈ {Rk
n+1\ R

k
n+1} ∩ R̃

k
n+1}. (32)
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It is obvious that its solution satisfies the relation ỹk : x̃ k
n+1 ≥ xk

n+1. Let us construct

the concave minirant ϕ̃k(x) = ϕ(x, x̃ k) at point ỹ and find the points at which the real axes

ỹk j = ỹk −λk j sk j , λk j ≥ 0, (which are edges of the cone R̃
k
n+1) intersect with the surface

ϕ̃k(x) = xn+1. The points ỹk j determine the appropriate cutting semispace H̃
k

y ≤ g̃k such
that

{Hk y ≤ gk} ⊃ {H̃
k

y ≤ g̃k}. (33)

Having replaced the last inequality Hk y ≤ gk in (24) with H̃
k

y ≤ g̃k, we proceed to
Step 1 of the main algorithm (see Sect. 3). But before proceeding to Step 1, one may try
to improve the lower estimate x̃ k

n+1, obtained above. This may be done by repeating the
corresponding procedures and by extending (constructing) the sequence x̃ k

n+1 ≤ x̃ k+1
n+1 ≤ . . .

until this is expedient.
One may also try to improve the sequence of values of lower estimates by solving all

the similar linear programming problems (31), which correspond not only to the constraints
active at point yk , rather than by solving only (n + 1) linear programming problems of the
same type.

5 Second-order cuts

Here, we introduce a class of deeper cuts, which we qualify as the second-order cuts. We are
still interested in solving problem (12), (13). Furthermore, we assume that f (x) is a concave
function.

Suppose, as before, that yk solves problem (16), (17). Having presumed the nonsingular
character of vertex yk, /; j = 1, n + 1, let us find the verteces yk j ( j = 1, n + 1), which

are neighboring to yk . Suppose that A
kj

are nonsingular (n + 1)× (n + 1)− matrices, which

are active at points yk j ; of constraints, i.e. A
kj

yk j ≤ b
kj

.
Let us write down equations of the real axes passing from points yk j to the polyhedron’s

vertices Rk
n+1 adjacent to yk j :

yk ji = yk j − λk ji Sk ji , j = 1, n + 1, i = 1, n + 1, λk ji ≥ 0. (34)

These equations define edges of the cones A
kj

yk j ≤ b
kj

related to vertices yk j of poly-
hedron Rk

n+1.

Define λ
k ji = min{λk ji

1 , λ
k ji
2 },where λk ji

1 corresponds to the point, at which the i−th edge
intersects with the plane, which—in turn—corresponds to the vertex adjacent to yk j , while
λ

k ji
2 corresponds to the point at which this edge intersects with the surface f (x) = xn+1. As

a result, we obtain the following matrix:
∣
∣
∣
∣
∣
∣
∣

yk1,1 yk1,2 . . . yk1,n+1

...
...

. . .
...

ykn+1,1 ykn+1,2 . . . ykn+1,n+1

∣
∣
∣
∣
∣
∣
∣

, (35)

whose elements are represented by vectors yki j . The first row in this matrix represents a set
of vertices adjacent to yk1 or a set of points, at which the edges passing from yk1 intersect
with the surface f (x) = xn+1. The last row of the matrix (35) represents a set of vertices
adjacent to yk,n+1 or a set of the points at which the edges passing from yk,n+1 intersect with
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the surface ϕ(x) = xn+1. Each of the vertices yk j has its adjacent vertex yk . Suppose, this
fact corresponds to the last column in (35).

Now, let us construct the planes

H̃
k j

y = h̃
k j
, j = 1, n + 1 (36)

passing through the points {yk j,1, yk j,2, . . . , yk j,n, yk}. It is obvious that—likewise for (24)—

the semispaces H̃
k j

y ≤ h̃
k j

are appropriate, i.e. these contain Rn+1. Define the cone

H = {y : Hkj y ≤ h̃
k j
, ∀ j = 1, n + 1} (37)

and write down equations of the real axes drawn from points xk, j in the directions of its
edges. Next, likewise for the system (21) and (22), let us find the points zk, j at which these
real axes intersect with the surface f (x) = xn+1.

Likewise for (23), let us draw the plane Hkj = gk through the points zk, j . According
to (24) define set Rk+1

n+1, put k := k + 1, and proceed to Step 2 of the main algorithm
(see Sect. 3). The geometric considerations give evidence that the last cut constructed is
appropriate, correct.

The method proposed may be immediately extended to the cease of global minimization
of functions. To this end, the surfaces f (x) = xn+1 in the formulas of Sect. 5 shall be replaced
with the surfaces ϕk(x) = xn+1 given by concave minorants.

6 A numerical experiment

The cutting (truncation) method proposed in the present paper has been preliminary tested
on a small set of problems of the form (12), (13). In the capacity of the ZZZ function we
have considered the following nonconvex quadratic function

f (x) = xT Qx + cT x, (38)

where Q is an indefinite symmetric matrix, and c ∈ En . The quadratic function (38) may be
represented in the following form:

f (x) = f +(x)+ f −(x),
f +(x) = xT Dx + cT x, f −(x) = xT Gx, (39)

where D is a positive semidefinite matrix and G is a negative definite matrix. It can readily
be seen that, in this case, f +(x) is a convex function, while f −(x) is a concave one. Let y,
be a feasible point; the concave minorant ϕ(x, y) be determined as follows:

ϕ(x, y) = f +(y)+ ∇ f +(y)T (x − y)+ f −(x) = 2yT Dx − yT Dy + cT x + xT Gx .

The test examples were generated randomly. The complexity of a particular test exam-
ple was determined by the number of negative eigenvalues of matrix Q and by their values.
Noteworthy, the values of negative eigen-numbers, which define the curvature of the concave
part of the objective function, played a substantially smaller role than their number.

Our cutting (truncation) algorithm was organized as follows. Firstly, cuts in En+1 were
conducted. If the difference between the sequential optimum values of auxiliary problems
(16), (17) was smaller than 0.01, then the cutting plane was shifted according to the technique
described in Sect. 4. After that, cuts were again conducted in En+1. By the time moment of
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Table 1 Testing results of the
cutting-method. For details see
the text

n k N1 Ns N2 L

2 2 56 0 0 3

3 2 98 0 0 3

3 3 156 1 0 3

4 2 254 1 1 3

4 3 312 2 2 3

4 4 437 3 2 3

5 3 496 3 3 3

5 4 663 3 3 3

5 5 935 3 3 3

7 5 1,344 3 3 2

7 7 2,101 3 3 2

8 6 4,349 3 3 2

8 8 6,562 3 3 1

9 7 9,874 3 3 1

9 8 12,104 3 3 1

10 8 18,465 3 3 1

applying the procedure of shifting the cutting plane, the current cone containing the super-
graph of the objective function was formed by the “almost” parallel planes, and this shift did
not change the structure of the cone but rather allowedone to move the operation of the cutting
algorithm on, while jumping over a definite number of iteration steps. Repeated applications
of the procedure of shift did not give any practical effect. After that, the second-order cut
described in Sect. 5 was constructed. The objective of such second-order cuts is to make
the current cone “more pointed” and hence make the cuts performed in En+1 deeper. The
efficiency of the second-order cuts is higher than that of the shift procedure. At least, the cuts
may be applied several times (as a rule, two or three times). After the second-order cuts, cuts
in En+1 were performed again.

Therefore, the algorithm to be tested included the following stages. First of all, cuts in
En+1 were conducted. Next, a shift of the cutting plane followed. After that, cuts in En+1

were conducted again. Next, second-order cuts were constructed. After that, the entire pro-
cess was repeated from the very beginning. The operation of the algorithm was terminated
in case when none of the approaches gave any practical progress, i.e. irrespectively of the
procedures applied, the sequential values of the auxiliary problems (16), (17) differed by less
than 0.01.

If in course of operation of the algorithm three digits in the lower estimate coincided with
three digits in the upper estimate of the bilateral estimate (26), then we presumed that an
optimal solution was obtained.

The computations were conducted on a personal 1.5 GHz/400 MHz/512 MB Celeron com-
puter. Some results of the tests are given in Table 1. The following denotations are used: n
is the number of variables, k is the number of negative eigenvalues of matrix Q, N1 is the
total number of cuts, Ns is the number of shifts of the cutting plane, N2 is the number of
second-order cuts, and L is the number of identical digits in the upper and lower estimates
in (26). The algorithm’s execution time was rather small: even in case of the most diffi-
cult problems, it took less than 1 min for the algorithm to complete its operation. From the
author’s viewpoint, the execution time is of minor importance in our case. At the expense
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of optimization of the algorithm’s internal procedures it is possible to reduce the execution
time by two or even three times.

The results of testing have give evidence that the algorithm proposed represents an efficient
tool for solving small-dimensional problems. The advantages of our approach are represented
by its simplicity (in contrast to the branch and bound method) and by a better lower bound
estimate of the global minimum than that proposed by other similar approaches.
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